
Blocked Gibbs meets Diffusion Transformers: 
Unsupervised Learning for Constraint Optimization
Yudong Will Xu, Wenhao Li, Xiaoyu Wang, Scott Sanner, Elias B. Khalil 



2

Outline

Background  
• Constraint Optimization Problems 
• Diffusion 
• Diffusion for Constraint Optimization Problems 

Our Work



Constraint Optimization
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Reasoning under constraints is a crucial 
challenge in many domains.

Traditional solvers remain complex and 
often slow.

Machine learning techniques have been 
explored to accelerate solving.

Figure from Khalil (2024) [1]
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Learning to Solve Constraint Optimization

6

Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer
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Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer

→ →
Today: Diffusion Models
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Diffusion

Figure from [6][7]

X0 ∼ pdata(X )

Reverse Process

Forward Process

XT ∼ pnoise(X )
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Diffusion

Figure from [6][7]

Reverse Process

Forward Process

X0 ∼ pdata(X )

DIFUSCO[8]

XT ∼ pnoise(X )
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x0xt−1xt+1 xtxT
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Learning to Solve Constraint Optimization

6

Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer
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Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer

→ →

Existing approaches has two limitations
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Limitation 1: Learning Approach

Supervised Learning

Figure from [2]

Solutions are not easy to obtain, 
especially for harder instances.

6

Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer

6

Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer

What other signal can we use to 
train the models?

→

?→



10

Constraint Programming Formulation

…
AllDif ferent(X1,1, X1,2, …, X3,3)

AllDif ferent(X1,1, X1,2, …, X3,3)

AllDif ferent(X1,1, X1,2, …, X3,3)
…

…

min
X∈𝒳

f(X)

s.t. cj(X) = true ∀j

Minimize objective

Satisfy constraints

6

Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer
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Learning Approach

Supervised Learning

Unsupervised Learning
(Distant-supervised) 

(Self-supervised)

L oss(AllDi f ferent (X1,1, X1,2, …, X3,3))

L oss( ∀(i, j ) ∈ E : X (1)
i + X (1)

j ≤ 1)

6

Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer
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Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer

6

Traditional Technique: Stochastic Search

Can we learn to do a single step of stochastic search?

Our model: ConsFormer

→ →

→?→
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A Different Perspective: CP as Boltzmann Distribution
E(X )

Sampling from this distribution 
gives us a solution to the CP 
problem!

min
X∈𝒳

f (X )

s.t. cj(X ) = true ∀j ϕj(X ) = 0 ⟺ cj(X ) = True

min
X∈𝒳

f (X ) + ∑
j

λjϕj(X ),
pB(X ) =

exp (−E(X )/τ)
∑X′￼∈𝒳 exp (−E(X′￼)/τ)

E(X )
PB(X )

“Energy Function”
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Diffusion

Figure from [6][7]

Reverse Process

Forward Process

X0 ∼

xT

DIFUSCO[8]

pB(X ) =
exp (−E(X )/τ)

∑X′￼∈𝒳 exp (−E(X′￼)/τ)
= XT ∼ pnoise(X )pdata(X )



Reverse Process

xt

Forward Process
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Unsupervised Diffusion

xt+1 x0xt−1

Start with the noise!

xT

XT ∼ pnoise(X ) pB(X ) =
exp (−E(X )/τ)

∑X′￼∈𝒳 exp (−E(X′￼)/τ)
X0 ∼
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Limitation 2: Architecture

• Focus on Combinatorial Optimization Problems that are 
• Binary 
• Graph-based 

Implement with Graph Neural Network (GNNs) 

Modelling Assumption: GNNs rely on local message passing, 
which may fail to capture global dependencies effectively. 

Training instability: GNNs may experience over-smoothing, leading 
to nearly indistinguishable node embeddings. 

Applicability: Not every constraint optimization problem admits a 
natural graph formulation.

We look to Transformers to address these limitations.
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Limitations of Existing Works

Supervised Learning  
requires solved instances. 

Architectural limitations  
from Graph Neural Networks

Unsupervised Learning  
trained using the Boltzmann Distribution→

→ Use Transformers.
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Outline

Background  
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Our Work 
• Blocked Gibbs Diffusion Transformers (BloGDiT)
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Diffusion Transformers (DiT)

Embedding  
Layer

Linear

DiT Block

Feed-Forward 
Layer

Multi-head  
Self-Attention

Add & Norm

Add & Norm
Sample

N x

xt−1

xt



Embedding  
Layer

Linear

Softmax

DiT BlockN x
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Diffusion Transformers

Feed-Forward 
Layer

Multi-head  
Self-Attention

Add & Norm

Add & Norm

xt−1

xt
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Unsupervised DiT Forward Process

Reverse Process

x0xt−1xt+1xT xt

pB(X )XT ∼ pnoise(X )
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Unsupervised DiT

Does standard Diffusion make sense for CP?
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Does standard Diffusion make sense for CP?

x0xt−1xt+1xT xt

→ → → →
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Does standard Diffusion make sense for CP?

Should we really make updates to every variable? 

We want our diffusion to do  
Local / Large Neighbourhood Search.

We should make localized, targeted updates instead. 
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Does standard Diffusion make sense for CP?
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Unsupervised Blocked Gibbs DiT (BlogDiT)

x0xt−1xt+1xT xt

→ → → →
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Unsupervised Blocked Gibbs DiT (BlogDiT)

x0xt−1xt+1xT xt

→ → → →

How do we train this? pB(X )

q*θ (X )
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Training Objective: KL Divergence

pB(X )
 q*θ (X )

 q(0)
θ (X )

We don’t have data!

We need the reverse KL

= 𝔼X∼pB[log
pB(X )
qθ(X ) ]KL(pB(X ) ∥ qθ(X ))

KL(qθ(X ) ∥ pB(X )) = 𝔼X∼qθ[log
qθ(X )
pB(X ) ]

But this is intractable

KL (qθ(X0)∥pB(X0)) ≤ KL (qθ(X0:T)∥p(X0:T))
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Training Objective

KL (qθ(X0)∥pB(X0)) ≤ KL (qθ(X0:T)∥p(X0:T)) p(X0:T) = pB(X0)
T

∏
t=1

p(Xt ∣ Xt−1),

qθ(X0:T) = q(XT)
T

∏
t=1

qθ(Xt−1 ∣ Xt)

x0xt−1xt+1xT xt

p(X0:T)

qθ(X0:T)

pB(X0)

qθ(X0)

[9]

Minimize the KL divergence between the two joints!
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Training Objective

We perform Blocked Gibbs Diffusion: 
Resampling only within the block.

qθ(x(i)
t−1 ∣ Xt, mt) = {

δ(x(i)
t−1 − x(i)

t ) if m (i)
t = 0

qθ(x(i)
t−1 ∣ Xt) if m (i)

t = 1

qθ(Xt−1 ∣ Xt) = ∑
mt

qθ,t(mt ∣ Xt) qθ(Xt−1 ∣ Xt, mt)

p(Xt ∣ Xt−1) = ∑
mt

pt(mt ∣ Xt−1) p(Xt ∣ Xt−1, mt),
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Training Objective

KL(qθ(X0)∥pB(X0)) ≤ KL(qθ(X0:T, m1:T)∥p(X0:T, m1:T)) . p(X0:T, m1:T) = pB(X0)
T

∏
t=1

pt(mt ∣ Xt−1) p(Xt ∣ Xt−1, mt),

qθ(X0:T, m1:T) = q(XT)
T

∏
t=1

qθ,t(mt ∣ Xt) qθ(Xt−1 ∣ Xt, mt) .

x0xt−1xt+1xT xt

p(X0:T, m1:T)

qθ(X0:T, m1:T)
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Why is this OK? Augmented MCMC

By marginalizing the joint distribution, 
we obtain our target data distribution.

We can simply discard the auxiliary variables 
from our samples!

∑
m

qθ(X0:T, m)

= ∑
m1,…,mT

[q(XT)
T

∏
t=1

qθ,t(mt ∣ Xt)qθ(Xt−1 ∣ Xt, mt)] .

= q(XT)
T

∏
t=1

∑
mt

qθ,t(mt ∣ Xt)qθ(Xt−1 ∣ Xt, mt) .

= q(XT)
T

∏
t=1

qθ(Xt−1 ∣ Xt)

≡ qθ(X0:T) .
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Unsupervised Blocked-Gibbs DiT (BlogDiT)
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Forward Process 

Reverse Process qθ(Xt−1 ∣ Xt, mt) = 𝒩(μθ(Xt, mt), diag(σ2
θ (Xt, mt))),

p(Xt ∣ Xt−1, mt) = 𝒩(Xt−1, σ2diag(m̃t)),

We assume the noise is Gaussian
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Simplifying the Objective

KL(qθ(X0)∥pB(X0)) ≤ KL(qθ(X0:T, m1:T)∥p(X0:T, m1:T))
Energy: Ensures Sample Quality

Entropy: Ensures Sample Diversity

Noise Matching: Regulates Step 

Mask Matching: Ensures masking consistency

−𝔼qθ [
T

∑
t=1

log p(Xt ∣ Xt−1, mt)]

= 𝔼qθ [−log pB(x0)]

+𝔼qθ [
T

∑
t=1

log qθ(Xt−1 ∣ Xt, mt)]

+𝔼qθ [
T

∑
t=1

log
qθ,t(mt ∣ Xt)
pt(mt ∣ Xt−1) ]

+C



34

Energy: Ensures Sample Quality

KL(qθ(X0)∥pB(X0)) ≤ KL(qθ(X0:T, m1:T)∥p(X0:T, m1:T))

β𝔼qθ
[E(X0)] + log Z(β) .

ϕj(X ) = 0 ⟺ cj(X ) = True

−𝔼qθ [
T

∑
t=1

log p(Xt ∣ Xt−1, mt)]

= 𝔼qθ [−log pB(x0)]

+𝔼qθ [
T

∑
t=1

log qθ(Xt−1 ∣ Xt, mt)]

+𝔼qθ [
T

∑
t=1

log
qθ,t(mt ∣ Xt)
pt(mt ∣ Xt−1) ]

+C

= 𝔼qθ
−log (

exp (−βE(X ))
∑X′￼∈𝒳 exp (−βE(X′￼)) )

E(X ) = f (X ) + ∑
j

λjϕj(X )
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Entropy: Ensures Sample Diversity

KL(qθ(X0)∥pB(X0)) ≤ KL(qθ(X0:T, m1:T)∥p(X0:T, m1:T))

−𝔼qθ [
T

∑
t=1

log p(Xt ∣ Xt−1, mt)]

= 𝔼qθ [−log pB(x0)]

+𝔼qθ [
T

∑
t=1

log qθ(Xt−1 ∣ Xt, mt)]

+𝔼qθ [
T

∑
t=1

log
qθ,t(mt ∣ Xt)
pt(mt ∣ Xt−1) ]

+C

=
T

∑
t=1

𝔼XT:t−1,mT:t∼qθ [log qθ(Xt−1 ∣ Xt, mt)]

=
T

∑
t=1

𝔼XT:t,mT:t∼qθ [𝔼Xt−1∣Xt,mt
log qθ(Xt−1 ∣ Xt, mt)]

= −
T

∑
t=1

𝔼XT:t,mT:t∼qθ [H(qθ(Xt−1 ∣ Xt, mt))] .

1
2

D

∑
d=1

mt,d(log(2πe) + log σ2
θ,t,d),

Gaussian Parametric Noise
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Noise Matching: Regulates Step 

KL(qθ(X0)∥pB(X0)) ≤ KL(qθ(X0:T, m1:T)∥p(X0:T, m1:T))

−𝔼qθ [
T

∑
t=1

log p(Xt ∣ Xt−1, mt)]

= 𝔼qθ [−log pB(x0)]

+𝔼qθ [
T

∑
t=1

log qθ(Xt−1 ∣ Xt, mt)]

+𝔼qθ [
T

∑
t=1

log
qθ,t(mt ∣ Xt)
pt(mt ∣ Xt−1) ]

+C

=
T

∑
t=1

𝔼XT:t−1,mT:t∼qθ [log p(Xt ∣ Xt−1, mt)] .

=
T

∑
t=1

𝔼XT:t,mT:t∼qθ [𝔼Xt−1∣Xt,mt
log p(Xt ∣ Xt−1, mt)] .

Gaussian Parametric Noise

1
2σ2 (∥mt ⊙ (Xt − μθ,t)∥2

2 + tr(diag(mt)Σθ,t)) + const,
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Mask Matching: Ensures masking consistency

KL(qθ(X0)∥pB(X0)) ≤ KL(qθ(X0:T, m1:T)∥p(X0:T, m1:T))

−𝔼qθ [
T

∑
t=1

log p(Xt ∣ Xt−1, mt)]

= 𝔼qθ [−log pB(x0)]

+𝔼qθ [
T

∑
t=1

log qθ(Xt−1 ∣ Xt, mt)]

+𝔼qθ [
T

∑
t=1

log
qθ,t(mt ∣ Xt)
pt(mt ∣ Xt−1) ]

+C

0

qθ,t(mt ∣ Xt) ≡ pt(mt ∣ Xt−1) ≡ πt(mt)

=
d

∏
i=1

Bernoulli(mi,t; ρt),
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Adaptive Mask Sampling

1 7 1 5 8 3 3 2 4

6 5 9 2 1 7 3 4 8

3 4 9 4 6 8 2 1 7

7 9 5 1 3 5 6 3 2

1 1 3 6 9 7 1 7 2

6 8 6 3 3 2 7 3 9

9 1 4 8 3 5 1 7 6

9 3 1 7 5 1 4 9 5

5 6 7 4 2 9 7 1 3

Can we do better than randomly sampling the mask?

Model Confidence Prefer the variables the 
model is least confident in.

Most Critical Prefer the variables that 
violates the most constraints.

How do we select neighbourhoods in LNS?
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Experiments
Graph Coloring Sudoku

2 5 1 3 9 6 8 7 4
8 7 6 1 6 7 3 4 8
3 4 9 4 6 8 2 1 7
7 9 5 1 3 5 6 3 2
1 1 3 6 9 7 1 7 2
6 8 6 3 3 2 7 3 9
9 1 4 8 3 5 1 7 6
4 3 1 7 5 1 4 9 5
5 6 7 4 2 9 7 1 3

5 6 4
3

3 2 7
9 1 5

1 3 2
5 9

4
9 1 4

8 3
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Experiments
Max CutMaximum Independent Set
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Conclusion

We utilize Diffusion models as neural heuristic solvers for Constraint Optimization Problems. 

Existing methods are limited by the GNN architecture and the supervised learning approach. 

We introduced a Blocked Gibbs Diffusion Transformer trained by Unsupervised Learning.
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Limitations

We are currently doing “variational” Gibbs, since we are learning to do Gibbs proposals. 

Future work:  
Add Metropolis-Hastings correctors to ensure sample quality.
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