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Constraint Optimization
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Reasoning under constraints is a crucial
challenge in many domains.

Traditional solvers remain complex and
often slow.

Machine learning techniques have been
explored to accelerate solving.

Figure from Khalil (2024) [1] ‘
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Reverse Process

Diffusion
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Learning to Solve Constraint Optimization
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Existing approaches has two limitations
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Limitation 1: Learning Approach

Supervised Learning

UNIVERSITY OF

TORONTO

Solutions are not easy to obtain,
especially for harder instances.

What other signal can we use to
train the models?

Figure from [2]



Constraint Programming Formulation

Minimize objective

1 7124 5 9
3 4,78

min  f(X) >
Xeq 9146 5

_ . 4|6 1
S.1. CJ(X) —g V] 5 2 3|7 6

Satisfy constraints AllDifferent(X, 1, X 5, ..., X33)

AllDifferent(X; 1, X, 5, ..., X33)

AllDifferent(X; 1, X 5, ..., X33)

by
UNIVERSITY OF

¥ TORONTO 10




Learning Approach

Unsupervised Learning

(Distant-supervised)
(Self-supervised)

2 119 4

Supervised Learning
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A Different Perspective: CP as Boltzmann Distribution

E(X) Energy Function

min  f(X)
XeXx

s.t. c(X) = true Vj

gg; JX) + Z Ap(X),
$(X)=0 <=>J ci(X) = True

exp (—E(X)/T)
ZX’E.EL” exp (—E(X’)/T)

ppX) =

Energy H(x)

EX)

————

~
\5—_

State (x)

1.2

r 1o

0.8

0.6

ro0.4

r0.2

0.0

Boltzmann Probability P(x)

Sampling from this distribution
gives us a solution to the CP
problem!
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Forward Process

Unsupervised Diffusion
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Limitation 2: Architecture

* Focus on Combinatorial Optimization Problems that are
 Binary
» Graph-based
Implement with Graph Neural Network (GNNs)

e
N

Modelling Assumption: GNNs rely on local message passing,
which may fail to capture global dependencies effectively.

Training instability: GNNs may experience over-smoothing, leading
to nearly indistinguishable node embeddings.

Applicability: Not every constraint optimization problem admits a
natural graph formulation.

UNIVERSITY OF

TORONTO We look to Transformers to address these limitations. L



Limitations of Existing Works

Supervised Learning Unsupervised Learning
requires solved instances. trained using the Boltzmann Distribution

Architectural limitations

from Graph Neural Networks Use Transformers.
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Our Work
» Blocked Gibbs Diffusion Transformers (BloGDiT)
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Diffusion Transformers (DiT)
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Unsupervised DIT

Method In-distribution Test OOD Test
OR-Tools 100 100
SATNet* 98.3 3.2
RRN* 99.8 28.6
Recurrent Transformer* 100 32.9
IRED* 99.4 62.1
ConsFormer 100 85.8
DiT 100 48.6

Does standard Diffusion make sense for CP?
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Does standard Diffusion make sense for CP?
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Does standard Diffusion make sense for CP?
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8/5(3|7|2 63\\1 Should we really make updates to every variable?
7/9]/4]|5|1/6]|2 8|3

1[3[7]2/4|5]1 6|9 | |
612153 ? sla 711 /We should make localized, targeted updates instead.
4/8|9l6|1[8[3 2 5/'

21410)1 5%\8.3/ We want our diffusion to do

378146 5 ) 2 Local / Large Neighbourhood Search.
511(218|3|7]9 4|6
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Does standard Diffusion make sense for CP?

Standard Diffusion Blocked Gibbs Diffusion

m P |
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Unsupervised Blocked Gibbs DiT (BlogDiT)
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Training Objective: KL Divergence

X
KL (pB(X) | q@(X)) = Eyx.,, llog P )]

qo(X)

We don’t have data!
Optimization

We need the reverse KL

Smallest KL\
qo(X)
KL(go(X) || pp(X)) = Ex., llog ]
pp(X) * (s #30) = Exe, pp(X)
But this is intractable
KL (g6Xo)lIps(Xp)) < KL (g(Xo:0)lIP(Xo:1)
&
UNIVERSITY OF
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Training Objective

p(X();T)
Pa(Xo)
do\ 20
96(Xo.1)
T
KL (g5(Xp)llpp(Xe)) < KL (q5Xo.)lIpXo.1)) [9] PXor) = psXo) [ [ pX, 1 X2
=1
Minimize the KL divergence between the two joints! Go(Xo.7) = q(XT)ﬁQQ(Xt—I | X))
UNIVERSITY OF | t=1

¥ TORONTO
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Training Objective

Blocked Gibbs
Diffusion

Constant Noise to
MANY Variables

UNIVERSITY OF

¥ TORONTO

Constant Noise to
FEWER Variables

We perform Blocked Gibbs Diffusion:
Resampling only within the block.

GX i 1 X) =D a9, (m, | X)) qy(X,_, | X,.m,)

m

PX 1 X)) =) plm | X, ) pX, | X,_p.m)).

m;

. S, —x@y ifm® =0
45y | X m,) = e if (@
g2 1 X)) ifm =1

29



Training Objective p(Xy.7, my.7)

ol T

q6(Xo.1> M1.7)

T
KL(%(X())HPB(XO)> < KL(%(XO:T’ my.r)||pXo.r» ml:T)> . pXy.7.my.7) = pp(Xp) Hpt(mt | X._DpX, | X,_1,m,),

=1

T
qoXo.» My.7) = q(XT)HQG,t(mt | X) (X1 | X;,m,y).

UNIVERSITY OF r=1
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Yy TORONTO | 30
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Why is this OK? Augmented MCMC

By marginalizing the joint distribution,
we obtain our target data distribution.

We can simply discard the auxiliary variables
from our samples!

~—

Z q9p(Xo.7> M)

i T
= Z Q(XT)H qg,t(m, | Xt)qﬁ(Xt—l | Xt’ mt)] )

my,..., my L =1

T
= C](XT)“ 1 2 QQ,;(m; | XDap(X,_1 | X, mr)] .

=1 m;

= q(XT)““qQ(X—l | X,)

=1
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Unsupervised Blocked-Gibbs DiT (BlogDiT)

Reverse Process

Qo(Xi—y | Xppmy)) =N (ﬂe(Xt’ m,), diag(ag X, m;))) ,

<€
g9 (XolX1,my) CI9,1(m1|X1) qo Xr—_1|X7,my) qQ,T(mTle)
211134 231a3a4a< 21134 211|134 211121 4 4 13|24
4 13]1]2 4.l 34 2, 413|112 113|112 1131111 1131111
1121413 >1aza4e3a )1243 1121413 314]13(2 21412|2
3(4]12](1 34l 44l 24 3|1412](2 314111(1 114142 1141411
p1(mq1Xo) p(X11Xo, my) pr(mr|Xr_q) p(Xr|Xr_1, my)
Xo mq X1 Xt Xr-1 my Xt
>

UNIVERSITY OF
BB B8

¥ TORONTO

pX, | X m) = /V(Xt_l, azdiag(ﬁzt)>,

We assume the noise is Gaussian

Forward Process

32



Simplifying the Objective

KL (qo(Xp)lIpp(Xp) < KL(gXo.r, m.p)llp Ko, i)

=, |~1log pp(xo)] Energy: Ensures Sample Quality

T
+E log go(X,_y | X, m,)
do Z 4 t ] Entropy: Ensures Sample Diversity

T
_E log p(X, | X,_y,m,)
z 21 b ] Noise Matching: Regulates Step

[T
gy (m; | X))
+[E6]9 Z o :
—1 pt(mt | Xt—l)

Mask Matching: Ensures masking consistency

+C

UNIVERSITY OF
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Energy: Ensures Sample Quality 0O =00 + 3 40

KL (qo(Xp)lIpp(Xp) < KL(gXo.r, m.p)llp Ko, i)

—PE(X)
= E,, |—log p(xy)] = [_log< 2 T >}

veq €XD (-PEX))

PE,JEXy)] +log Z(B).

Discrete Constraint c(z) Continuous Penalty ¢.(z)
ALLDIFFERENT,;,— (Z1, - . -, Tn) ZTZI (‘1 -, xgj) )
Ti # Tk E?’:l(:cgj) Lz
V(i k) € B ay) + o) <1 2 (ik)eE (wz('l) ‘mi(cl))

&

UNIVERSITY OF ¢(X) — O C(X) — True

¥ TORONTO j = G
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Entropy: Ensures Sample Diversity

KL (qo(Xp)lIpp(Xp) < KL(gXo.r, m.p)llp Ko, i)

T
Z [EXTt LM~ [log qH(Xt 1 | X mt)]

[Zlogqg( 1| X mz)]

T
Z Xr.psMr~qp [ X,_11X,.m, IOg qQ(Xt—l | Xza mt)]

=~ Z [EXT:tamT:tNQQ [H(qH(Xt—l | Xf’ mt))] )
=1

Gaussian Parametric Noise

~ Z m,q(log2ze) +10g a3, ;)
d—l

UNIVERSITY OF

¥/ TORONTO
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Noise Matching: Regulates Step

KL (qo(Xp)lIpp(Xp) < KL(gXo.r, m.p)llp Ko, i)

XTz LM~ qg [logp(X | Xt l’mt)]

>
. 7
- |Eq9 [Z IOg p(Xl‘ | Xl‘—l’ mt)] ; XM, ~qp [ X;_ 1|Xt’mz log p(Xt | Xl‘—l’ ml‘)] .

=1

Gaussian Parametric Noise

1 .
pye) ( Im, © (X, — pg I3 + tr(dlag(mt)ZgJ)> + const,

UNIVERSITY OF

¥ TORONTO
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Mask Matching: Ensures masking consistency

KL (qo(Xp)lIpp(Xp) < KL(gXo.r, m.p)llp Ko, i)

QQ,t(mt | Xt) = pt(mt | Xt—l) = ﬂt(mt)

d

T
do.(m, | X)) i=1
+[Eq0 [Z log > O
=1

pm, | X,_1)

UNIVERSITY OF

¥ TORONTO
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Adaptive Mask Sampling

UNIVERSITY OF

¥ TORONTO

Can we do better than randomly sampling the mask?

How do we select neighbourhoods in LNS?

Most Critical Prefer the variables that

violates the most constraints.

Model Confidence —» Prefer jche varlable§ the |
model is least confident in.
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Experiments

Graph Coloring Sudoku
Method Graph-Coloring-5 Graph-Coloring-10 Method In-distribution Test OOD Test
n=50 n=100 n=100 n =200 OR-Tools 100 100
] % SATNet* 98.3 3.2
OR-Tools 83.08 57.16 52.41 10.25 RRN* 99.8 286
ANYCSP* 79.17 34.83 0.00 0.00 Recurrent Transformer* 100 32.9
ConsFormer*  81.00 47.33 52.60 11.92 IRED* 99.4 62.1
: ConsFormer 100 85.8
DiT ' 79.75 48.91 50.50 14.25 DIT 100 18.6
BloGDiT 82.58 52.93 53.92 17.83 BloGDiT 100 875
BloGDiT+AS  82.93 5491 53.92 18.67 BloGDiT+AS 100 93.0
Graph Coloring o

E 5 6 4 2[5[1]3]9]6]8][7]4

3 8|7]16]|1|6|7|3]4]8

3 2 7 31419]4|6|8|2]|1]|7

9 1 5 71915]11]13]|5]6|3]2

1 3 2| —m ——» 1111316]9]|7]|1|7]|2

5 9 6[8]6]3|3]2]|7|3]9

4 911]1418|3|5|1]|7]|6

o [1] [4 a[3[1]7[5[1[4]9]5

8 3 516|714|12|9|7]|1]|3

&
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Experiments

Maximum Independent Set Max Cut
Method RB-small RB-large Method [V|=800 |V|=1K |V|=2K |V|>3K
OR-Tools 20.10 42.66 OR-Tools* 143.89 11278  365.89  378.62
LwtD* 19.01 32.32 Slr)elffy* ggjj gggg 7100 77425
INTEL* 18.47 34.47 RUNCSP* 185.89 15656  357.33  401.00
DGL* 17.36 34.50 ECO-DQN* 65.11 54.67 157.00 42825
LTFT* 19.18 37.48 ECORD* 8.67 8.78 39.22 187.75
DiffUCO* 18.88 38.10 ANYCSP* 1.22 244 1311 5163
SDDS* 19.62 39.99 DiffUCO* 4.11 6.33 31.67 116.75
— — ConsFormer* 16.33 12.44 52.11 115.25
DiT , 8.05 0.29 DiT 56.11 50.0 101.33 162.0
BloGDiT 8.68 0.04 BloGDiT 2.1 322 1889  88.63
BloGDiT+AS 18.87 35.13 BloGDiT+AS  0.11 1.33 7.88 32.75
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Conclusion

We utilize Diffusion models as neural heuristic solvers for Constraint Optimization Problems.
Existing methods are limited by the GNN architecture and the supervised learning approach.

We introduced a Blocked Gibbs Diffusion Transformer trained by Unsupervised Learning.

UNIVERSITY OF

¥ TORONTO

41



Limitations

We are currently doing “variational” Gibbs, since we are learning to do Gibbs proposals.

Future work; ‘

Add Metropolis-Hastings correctors to ensure sample quality.
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